In this paper, we found within the framework of perturbative QCD, that in deuteron-deuteron scattering the Bose-Einstein correlations due to two parton showers production, induce azimuthal angle correlations, with three correlation lengths: the size of the deuteron (RD), the proton radius (RN ), and the size of the BFKL Pomeron which, is closely related to the saturation momentum (Rc ∼ 1/Qs). These correlations are independent of the values of rapidities of the produced gluons (long range rapidity correlations), for large rapidities (ᾱS|y1 − y2| ≥ 1), and have no symmetry with respect to φ → π − φ (p T 1 → −p T 1 ). Therefore, they give rise to vn for all values of n, not only even values. The contributions with the correlation length RD and RN crucially depend on the non-perturbative contributions, and to obtain estimates of their values, requiries a lot of modeling, while the correlations with Rc ∼ 1/Qs have a perturbative QCD origin, and can be estimated in the Color Glass Condensate (CGC) approach.
I. INTRODUCTION
In this paper we continue to resurrect the old ideas of Gribov Pomeron Calculus, that the Bose -Einstein correlations lead to strong azimuthal angle correlations [1] , which do not depend on the rapidity difference between measured hadrons ( large range rapidity (LRR) correlations). In the framework of QCD, these azimuthal correlations stem from the production of two patron showers, and have been re-discovered in Refs. [2, 3] . In Ref. [4] it was demonstrated that Bose-Einstein correlations generate v n with even and odd n, with values which are close to the experimental values [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
The goal of this paper is to show that the Bose-Einstein correlations that have been discussed in Refs. [1, 4] , arise naturally in the perturbative QCD approach, together with ones that have been considered in Refs. [2, 3] . We believe that the qualitative difference between these two approaches originates from different sources of the Bose-Einstein correlations: the two parton shower production in Refs. [1, 4] and one parton shower for Refs. [2, 3] .
We consider here the azimuthal correlations for deuteron-deuteron scattering at high energy. It is well known [16] , (see also Refs. [17] ) that Bose-Einstein correlations provide a possibility to measure the volume of interaction or, in other words, the typical sizes of the interaction. Indeed, the general formula for the Bose-Einstein correlations [16, 17] takes the form
where averaging . . . includes the integration over r µ = r 1,µ − r 2,µ . For the case of y 1 = y 2 , Q µ = p 1,µ − p 2,µ simplifies to Q ≡ p T,12 = p T 1 − p T 2 , One can see that Eq. (1) allows us to measure the typical r µ for the interaction. For deuteron-deuteron scattering we expect several typical r: the size of the deuteron R D , the nucleon size R N , and the typical size, related to the saturation scale (r sat = 1/Q s , where Q s denotes the saturation scale [18] ). In our calculation we hope to see the appearance of these scales.
It is well known, that the total cross section for the deuteron-deuteron scattering can be written in the form: σ DD = 4σ N N − ∆σ DD , where ∆σ DD is the Glauber correction term [19] which is proportional to 1/R 2 D , while σ N N denotes the total cross section of the nucleon-nucleon interaction. Intuition, suggests that the correlation radius of the order of R D , stems from the production due to the Glauber correction term (see Fig. 1 )
The production of two gluon are shown in Fig. 1 -a and Fig. 1 -b, where interference in the case of the generated identical gluon leads to the correlation function of Eq. (1). Generally speaking, the inclusive production of two gluons 
FIG. 1:
The two parton showers production that contributes to the Glauber correction term for deuteron-deuteron scattering. The wavy lines describe the exchange of the BFKL Pomeron. Fig. 1 -a and Fig. 1-b show two diagrams that can interfer for identical gluons. The dashed lines show the cut BFKL Pomeron [20] .
with rapidities y 1 and y 2 and transverse momenta p T 1 and p T 2 , takes the form
In Eq. (2) R c denotes the correlation radius (correlation length), and in the form of the correlation function, we anticipate that the production of two parton showers leads to the double inclusive cross section, that does not depend on rapidities y 1 and y 2 .
II. BORN APPROXIMATION A. Bose-Einstein correlation function with radius ∝ RD
The simplest contribution in the Born approximation of perturbative QCD is shown in Fig. 2 . The second diagram describes the interference between two parton showers, shown in Fig. 1-b .
The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta p T 1 and p T 2 , in the Born Approximation of perturbative QCD. The interference diagram of Fig. 2-b gives the correlation function C (RD|p T 1 − p T 2 |) of Eq. (2). The solid lines denote nucleons in the deuterons, which are specified by double lines D T 12
The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta p T 1 and p T 2 in the Born Approximation of perturbative QCD. The interference diagram of Fig. 3 -b yields the correlation function C (RN |p T 1 − p T 2 |) of Eq. (2). The solid lines denote nucleons in the deuterons, which are illustated by double lines Unfortunately, we cannot treat the impact factors I P theoretically in the case of nucleon. The phenomenological approach to I P has been discussed in Refs. [4, 24] , and we will return to this below. For the moment we replace the nucleon by the state of a heavy quark and antiquark (onium), to study the key features of the impact factors in the framework of perturbative QCD (see Fig. 4 ). Introducing, the form factor of the onium in the form
we can express the impact factor in the form
In Eq. (13) the impact factors are equal to
The integration over k T and l T lead to typical values of k T ∼ 1/R N and l T ∼ 1/R N , and it does not generate azimuthal angle correlations. Indeed, this is clear from the following features of I P from Eq. (17) :
The impact factors for onium for RN kT > 1, RN lT > 1 and RN QT > 1
In the diagram of Fig. 3-b one can see that G D (Q T − p 12 ) regulates that |Q T − p 12 | is of the order of 1/R D . This means that we can put Q T = p 12 in all parts of diagrams, since the typical values of k T and l T are about 1/R N ≫ 1/R D . Therefore, the diagram of Fig. 3 -b can be reduced to the form
This function is symmetric with respect to φ → π − φ (p T 1 → −p T 1 ), and with such an impact factor, the Born approximation produces only v n with even n, as was noted in Ref. [2, 3] . However, this conclusion is based on the impact factor of Eq. (15) . Eq. (22) shows that this impact factor leads to p T,12 ∼ 1/R N .
The impact factors for onium for for RN kT > 1, RN lT > 1 and RN QT ≤ 1. The dashed lines denote the Coulomb gluons that form the onium bound state.
Note that the simple expression of Eq. (15) (see Fig. 4 ) is written for sufficiently hard gluons. For small values of Q T = p T,12 we need to add the first diagram of Fig. 5 , in which two gluons with large transverse momenta (about p T 1 or p T 2 ) but small Q T . The final expression for the impact factor takes the form
The first term in Eq. (23) generates the correlation function which is proportional to F 2 2p T,12 . Summarizing, we see that the Born approximation of perturbative QCD, generates the correlation function which is determined by the impact factor of the nucleon, the typical correlation length is about R N , and even for the unrealistic perturbative model of onium, this correlation function is not symmetric with respect to φ → π − φ. We will consider below the more realistic case, in leading log approximation of perturbative QCD. However, we would like to stress now, that the correlation function stems from the large non-perturbative distances of the order of the nucleon size.
C. Bose-Einstein correlation function with radius ∝ RN : nucleon-nucleon interaction
The correlations with R c = R N are typical for the nucleon-nucleon interaction ( see Fig. 6 for the Born approximation of perturbative QCD). However, we will consider them below for the general case of the production of two parton showers, since we prefer to use a more phenomenological and realistic approach for the impact factors I P , than we explored above, replacing the nucleon by the onium state.
III. PRODUCTION OF TWO PARTON SHOWERS
A.
Rc ∝ RD
In this section we consider the general case of the production of two parton showers shown in Fig. 1 . In the leading log approximation (LLA) of perturbative QCD, the structure of one parton shower is described by the BFKL Pomeron [21, 22] . In the leading log approximation of perturbative QCD the Born diagram of Fig. 2 -a can be generalized
The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta p T 1 and p T 2 , for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 2 -a. The solid lines denote nucleons in the deuterons, which are indicated by double lines.
to Fig. 7 . The contribution of this diagram can be written as follows
where φ N G (y, k T , −k T + Q T ) denotes the probability to find a gluon with rapidity y and transverse momentum k ⊥ , in the process with momentum transferred Q T . In Eq. (24)ᾱ S = α S N c /π with the number of colours equal to N c . φ N G are the solutions of the BFKL evolution equation
where
The typical momenta in φ
where Q s denotes the saturation scale. Bearing this in mind, and noting that Q T ∼ 1/R D ≪ 1/R N we can put Q T = 0, in the arguments of φ N G . This simplifies Eq. (24) reducing it to the following expression
The diagram of Fig. 2 -b in the LLA, simplifies the expression for the exchange of two BFKL Pomerons, but with more complicated vertices. Using Eq. (10) and consideringᾱ S (y 1 − y 2 ) ≤ 1, we can write this exchange in the form that is represented in Fig. 8 , and its contribution has the following form
we can take both Q T = 0 and p T,12 = 0, but it is not sufficient to reduce Eq. (28) to Eq. (12) . In addition we need to assume thatᾱ S (y 1 − y 2 ) ≤ 1. Making this assumption we can replace
by Y − y 2 . After these changes Eq. (28) can be reduced to the following expression
Eq. (27) and Eq. (29) lead to the same correlation function (C (R D p T,12 )) Eq. (12) as in the Born approximation.
(y , p )
FIG . 
B. Rc ∝ RN
In LLA the diagrams of the Born approximation of Fig. 3 can be generalized in the same way as has been discussed above. [28] for the double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta p T 1 and p T 2 , for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 3 -a. The solid lines denote nucleons in the deuterons, which are illustrated by double lines.
The contribution of the diagram of Fig. 9 can be written as follows
where N (Q T ) denotes the integral over all energies of the imaginary part of the Pomeron-nucleon scattering amplitude.
This amplitude was introduced in Gribov's Pomeron calculus [26] , but it has been proven that we can use this formalism in LLA of perturbative QCD [27] . N (Q T ) has the following general form(see Fig. 11 )
dif f raction in high masses (31) where G 3I P is the triple BFKL Pomeron vertex, and {. . . } denotes all transverse momenta which we need to integrate over. Fig. 11-b shows how all contributions correspond to the onium case, where we can use perturbative QCD for theoretical estimates.
(y , p ) Since Q T ∼ 1/R D ≪ 1.R N , and all other transverse momenta in Fig. 9 are either of the order of 1/R N or larger ( of the order of p T 1 ,p T 2 or Q s , where Q s is the saturation scale), we can safely put Q T = 0 and reduce this contribution to the factorized form:
The contribution of the relevant diagram, which is shown in Fig. 10 , can be written in the form:
Integration over Q T leads to Q T − p T,12 ∼ 1/R D ≪ 1/R N and, therefore, as in the Born approximation we can put Q T = p T,12 . In Eq. (33) we have two sources of p T,12 behavior: N (p T,12 ) and φ N G . Replacing Q T = p T, 12 we obtain
The products of G µ G µ are written in Eq. (34) {. . . } explicitly using Eq. (6), and φ N D are the solution of Eq. (25) .
respectively, we can conclude that the integrals over k T and l T do not have large contributions at k T of the order of p T 1 , and at l T of the order of p T 2 . In the appendix we show that the typical value of Q T for the BFKL Pomeron φ
is determined by the smallest value of transverse momentum Q T ∼ min{k; T , k T }. In our case this means that Q T = p T,12 ∼ 1/R N ≫ p T 1 and/or p T 2 .
Therefore, we can re-write Eq. (34) as follows:
In Eq. (35) we introduce φ (34)). Comparing Eq. (32) and Eq. (35), one can see that the correlation function is equal to
= N p 2 12 (36) forᾱ S (y 1 − y 2 ) ≤ 1.
The three terms of N (Q T ) are shown in Fig. 11-a. The first contribution N (Q T ) = g 2 (Q T ), can easily be evaluated from the differential elastic cross section, which is proportional to g 4 (Q T ). Recall, that the BFKL Pomeron does not generate the shrinkage of the diffraction peak seen in the experimental data. This indicates that the exchange of the single BFKL Pomeron is not sufficient to describe the high energy amplitude, and we need to use a more phenomenological approach to describe the elastic contribution to the correlation function (see Ref. [4] in which we tried to describe these correlations using a particular model for high energy scattering, which is based on CGC/saturation approach).
For the onium, g (Q T ) can be calculated (see Fig. 11 -b and Eq. (B5)) in the following way
where V pr is determined by Eq. (B4). In Eq. (37) k (14) is equal to
The second term of Fig. 11-b can be evaluated from the process of diffraction dissociation in the region of small masses. However, we need to use a model for this term to be able to extract its Q T dependence from the experimental data. For example, we can replace the sum of possible produced diffractive states by one state, as has been done in Ref. [4] . For the onium state this term has the following form
where I P is taken from Eq. (15). Using Eq. (B4) we calculate N diff (Q T ) which decreases as 1/Q 2 T at large Q T .
The last term in Fig. 11 -a, gives the contribution of large mass production in the diffraction dissociation process. The Q T dependence of this term, is determined by the triple BFKL Pomeron vertex in perturbative QCD (see Fig. 12 ). Therefore, this term generates correlations, whose length is determined by the BFKL Pomeron structure, and it is closely related to the typical saturation momentum Q s .
(y , p ) Comparing Fig. 12 with Fig. 9 and Fig. 10 , one can see that the difference is only in expression for N (Q T ) which has the following form
We can obtain the form of G 3I P in momentum space starting from the coordinate representation, where the contribution of the triple Pomeron diagram of Fig. 13 is known [29, 30] :
we see that Eq. (40) can be re-written in the form
with 
The main difference between Eq. (44) and Eq. (34) , is that q ′ T is larger than q T ≈ 1/R N . Indeed, the typical value of q
, where λ = ω (γ cr , 0) /(1 − γ cr with γ cr = 0.37 in leading order of perturbative QCD [18] , 12 will be determined by the lowest momenta in the BFKL Pomeron with y ′ − y 1 , and it will have the form
where V is determined by Eq. (A12), and Q T = p T,12 . In Eq. (45) we can put γ = 1 2 , assuming y ′ − y 1 is suffiently large, that we can neglect ν.
IV. BOSE-EINSTEIN CORRELATION FUNCTION IN THE NUCLEON-NUCLEON INTERACTION
In this section we discuss the Bose-Einstein correlations in nucleon-nucleon scattering. The Mueller diagrams for the square of the diagrams Fig. 1-a and Fig. 1-b , and for the interference diagrams, are shown in Fig. 14. This differs from the diagrams that have been discussed above, only in the appearance of the second N (Q T ), which reflects the fact that we do not have small ( about 1/R D ) momenta in this process. Note, we can use perturbative QCD only if p T 1 ∼ p T 2 ≫ 1/R N . Recalling that the Q T dependence of the BFKL Pomeron is determined by the smallest transverse momentum, we conclude that in Fig. 14 the Q T dependence is determined by the function N (Q T ). For the first two contributions to N (Q T ) (see Fig. 11 -a), this is accurate to the order of 1/ (R N p T 1 ). For the third contribution of the large mass diffraction, the accuracy is about Q s /p T 1 , where Q s denotes the saturation momentum of the BFKL Pomeron with rapidity Y − y ′ . In spite of the fact that we indicate in Fig. 11 -a the sources of experimental information on each contribution, the situation turns out to be more complicated. As an example, we discuss the elastic contribution. This gives
, where g (Q T ) is the Pomeron-hadron vertex. At first sight we can extract this vertex directly from the experimental values of dσ el /dt. However, this is certainly not correct. Indeed, the BFKL Pomeron cannot explain the shrinkage of the diffraction peak which is seen experimentally, and which gives almost a half of the slope of the elastic cross section for the energy range W = 40 − 7000 GeV [32] . In the only model [33] for the soft interaction at high energy that is based on the BFKL Pomeron and Colour Glass Condensate (CGC) approach [34, 35] , the effective shrinkage of the diffraction peak stems from strong shadowing corrections, which lead to an elastic amplitude that is different from that for the exchange of the BFKL Pomeron. However, it turns out that the most essential shadowing corrections originate from the BFKL Pomeron interaction of two scattering hadrons. Such corrections do not contribute to the inclusive cross sections, as well as to the correlation due to AGK cutting rules [20] .
It turns out to be an even more complicated problem to extract from the experimental data, the diffraction contribution to N (Q T ) in the region of small masses. The lack of a theory, as well as insufficient experimental data, especially of the momentum transfer distribution of the diffractively produced state with fixed mass, lead to the necessity of modeling this process. The two extreme cases of such a modeling illustrates the difficulties: in our model [33] the rich variety of the produced states were replaced by a single state: and in the constituent quark model [36] the small mass diffraction stems from production of the state of free three constituent quarks. In our model the typical slope for g dif f (Q T ) ∝ exp −B Q 2 T turns out to be 1/4 from the elastic slope, while in the CQM the size of the constituent quark is very small.
Taking the above into consideration, the uncertainties in the large mass diffraction term look small, and for the triple BFKL Pomeron vertex, both the value and transverse momenta dependence follow directly from the Balitsky-Kovchegov equation [34] . Bearing this in mind, we can write the expression for the interference diagram of Fig. 14, for the large mass diffraction contribution ( see Fig. 11 ). As we have discussed in this case 
In the diagram for the square of the amplitude we can put p T,12 = 0. Thus, the correlation function with the correlation length of the order of 1/Q s (Y − y ′ ), takes the following form
and
The rather long algebraic expression of Eq. (48) and Eq. (49) can be simplified using Eq. (A17) and they take the following forms
All our previous estimates were performed for small rapidity difference:ᾱ S |y 1 − y 2 | ≤ 1. In this section we discuss large rapidity differences (ᾱ S |y 1 − y 2 | ≥ 1). For simplicity, we consider only correlations with the typical length of the order of R D . In other words, we discuss the generalization of Fig. 7 and Fig. 8 to the case of large y 12 = |y 1 − y 2 |. This generalization is shown in Fig. 15 for the interference diagrams. The new features here are that at rapidity y ′ 1 < y 1 , we need to emit an additional gluon, and integrate over both its rapidity (y First, we need to integrate over p ′ T 1 . The vertex of the emission is shown in Fig. 16 which can be written as Finally, we obtain the following expression for the interference diagram of Fig. 16 
In Eq. (54) we put The generalization to other cases, which we have considered above, is straightforward, and we not discuss it here.
VI. CONCLUSIONS A. Comparison with other estimates in perturbative QCD
The first estimate of the azimuthal correlations due to the Bose-Einstein correlation in perturbative QCD, was performed in Ref.
[2] (see also Ref. [3] ). The diagrams, that were considered in these papers, are shown in Fig. 17-a. The observation is that these diagrams give rather strong azimuthal correlations, but they are symmetric with respect to φ → π − φ, and only generate v n with even n. The general origin of this symmetry was discussed in section II-B for slightly different diagrams. In Refs. [2, 3] the Q T dependence was neglected leading to δ-function contributions, which were smeared out by Q T dependance, with Q T ∼ 1/R, where R is the size of the interacting dipoles in Fig. 17 -a. Fig. 17 -a is taken from Ref.
[2] and describe the correlation in a one parton shower (see Fig. 17-b ).
Since Fig. 17 -a describes the production of two identical gluons in the dipole-dipole amplitude, in the Born approximation of perturbative QCD, these diagrams are responsible for the azimuthal correlations in one parton cascade shown in Fig. 17-b . It is worthwhile mentioning that the diagram of Fig. 17 -a leads to a contribution which is proportional to exp −ω 1 2 , 0 y 12 and describes the correlations that decrease for large y 12 . Therefore, only for ω Taking into account the emission of gluons, we can generalize the diagram of Fig. 17 -a to the diagram of Fig. 18 . We have considered this diagram above, and have shown that there is no symmetry with respect of φ → π − φ in such diagrams. Therefore, we conclude that the symmetry φ → π − φ, is a feature of the azimuthal correlations in the one parton shower, in the Born approximation of perturbative QCD.
B. Summary
In this paper, we found within the framework of perturbative QCD, that the Bose-Einstein correlations due to two parton shower production, induce azimuthal angle correlations, with three correlation lengths: the size of the deuteron, the proton radius, and the size of the BFKL Pomeron which is closely related to the saturation momentum (R c ∼ 1/Q s ). These correlations are independent of the values of rapidities of produced gluons (long range rapidity correlations), and have no symmetry with respect to φ → π − φ (p T 1 → −p T 1 ). Therefore, they give rise to v n for all values of n, not only even values.
We reproduce the result of Refs. [2, 3] which show this symmetry in the Born approximation of perturbative QCD. However, even in the Born approximation, this symmetry depends on the amplitude of the gluon -nucleon interaction at large distances, of about the nucleon size and, therefore, it inherently has a non-perturbative nature. Replacing the nucleon by an onium: the quark-antiquark bound state of heavy quarks, we see that symmetry φ → π − φ (p T 1 → −p T 1 ), does not hold for distances of the order of the size of the onium.
We demonstrated that the azimuthal correlations with the correlation length (R c ) of about the size of the deuteron, and the size of nucleon, stem from a non-perturbative contribution, and their estimates demand a lot of modeling due to the embryonic state of the theory in the non-perturbative region. However, the correlations with R c ∼ 1/Q s have a perturbative origin, and can be evaluated in the framework of the Colour Gluon Condensate (CGC) approach.
We show that the two parton showers contributions, generate long range rapidity azimuthal angle correlations, which intuitively have been expected. In other words, we demonstrate that the azimuthal angle correlations do not depend on y 12 = |y 1 − y 2 | for large values of y 12 (ᾱ S y 12 ≥ 1). We illustrate that the correlation of Refs. [2, 3] , actually describe the correlations in a one parton shower, and can be viewed, as independent of the rapidity difference, only in the narrow rapidity windowᾱ S y 12 ≪ 1.
In Eq. (A7), the value of r 1 in our problem, is about 1/p T 1 or 1/p T 2 , and we trust perturbative QCD calculations only if p T 1 ∼ p T 2 ≫ 1/R N . Since r 1 ≪ r 2 we can use Eq. (A4) and take w w * to be equal to w w * = r 
The integrals over m ′ can be taken by replacing vector variables by the complex coordinates [22] k
where k x and k y denote the x and y projections of k. Using formula 3.197 (1) of Ref. [31] we can take integrals over 
Γ (−1 + 2γ) Γ 2 (1γ) F 1 − γ, 1 − γ, 2(1 − γ), ρ * Q ρ * k + ρ * Q Plugging Eq. (A11) in Eq. (A10) one can see that φ N G (γ, k ′ T , k T , Q T ) can be written in the factorized form:
φ N G in the rapidity representation can be calculated as
